Abstract. Let g be a classical simple Lie algebra over k =Fq, defined over a finite field Fq of characteristic p > 3, with correspondence to Frobenius-Lie morphism F . In this paper, we investigate the relation between F -stable restricted modules and closed conical subvarieties defined over Fq in the null cone N (g) of g. Furthermore, we clearly investigate the Fq-rational structure for all nilpotent orbits in g under the action of adjoint group G when p is good. We also do that for nilpotent orbits in Lie(G) under the action of G, a simply-connected simple algebraic group over k and defined over Fq.
Preliminaries
Throughout this paper, let q = p d be an arbitrary given power of a prime p, F q the finite field of q elements and k the algebraic closureF q of F q . For any n 1, let F q n denote the unique extension field of F q of degree n contained in k =F q .
1.1. F q -Rational structure on affine varieties. Definition 1.2. Let (X, A) be an affine variety over k =F q , and F : X → X be a morphism. We say that (X, A) is defined over F q , if the following conditions hold for the algebra homomorphism F * : A → A:
(a) F * is injective and F * (A) = A q . (b) For each f ∈ A, there exists some m 1 such that (F * ) m (f ) = f q m .
In this case, we also say that (X, A) admits an F q -rational structure, and that F is the corresponding Frobenius map.
Furthermore, we set X F := {x ∈ X | F (x) = x} for the fixed-point set of F . We also write this set as X(F q ) and call it the set of F q -rational points in X.
In Definition , since F * (A) = A q and F * is injective, we obtain a well-defined map σ : A → A such that σ(f ) = (F * ) −1 (f q ) for all f ∈ A. It is just an arithmetic Frobenius map satisfying the following:
(a) The map σ : A → A is a bijective F q -algebra homomorphism such that σ(af ) = a q σ(f ), a ∈ k, f ∈ A. (b) For each f ∈ A, there exists some m 1 such that σ m (f ) = f . Proposition 1.3. ( [15, 4.1.3] ) Let (X, A) be an affine variety defined over F q with corresponding Frobenius map F . Set A 0 := {f ∈ A | σ(f ) = f } = {f ∈ A | F * (f ) = f q }. Then A 0 is a finitely generated F q -subalgebra of A such that the natural map A 0 ⊗ Fq k → A is an algebra isomorphism. Furthermore, the fixed-point set X F is finite, and F is a bijective map.
Stable variety under a Frobenius map.
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1 Suppose (X, A) is an affine variety over k which is defined over F q , and admits corresponding Frobenius map F . Let V be a subvariety of X, not necessary closed. Call V being F -stable if
If V is a closed subset of X, then we have the following property when it's F -stable. Thus, if a closed subvariety V is F -stable, then V is defined over F q , thereby V admits a rational F q -structure. The following lemma is basic to us. Theorem 1.7. [24] Let G be an affine algebraic group, and F : G → G a Frobenius map. Suppose X be a G-variety with G-transitive action and with a Frobenius map F ′ : X → X, which is compatible with F . This is to say, F ′ (g.x) = F (g).F ′ (x) for all g ∈ G and x ∈ X. Then X admits a fixed point under F ′ . Example 1.8. Let G be a classical group which is a closed subgroup of GL(m, k) and g = LieG. Let F be a standard Frobenius map F : gl(m, k) → gl(m, k) which raises all matrix entries to the qth power. Then the restriction of F are a Frobenius map in G and in g = Lie(G) respectively. In particular, both F are compatible as the above lemma says when G acts on a G-variety in g under adjoint action. Recall that any nilpotent orbit O in g has a representative J corresponding to a partition
HenceŌ is also F -stable. Hence,Ō admits a rational F q -structure.
Frobenius-Lie morphisms and representations of Finite restricted Lie algebras
We first recall the definition of Frobenius mappings and F q -structures on vector spaces (comparing with the arithmetic Frobenius map in 1.1).
Definition 2.1. (1) Let V and W be two vector space over k. A mapping f from V to W is called a q-semi-linear if it satisfies the following conditions:
(2) A q semi-linear automorphism F on V satisfying that for any v ∈ V , F n (v) = v for some n > 0 is called a q-Frobenius mapping (a Frobenius mapping for short if the q is clear in the context). The smallest r satisfying F r (v) = v is called a period of v (under F ), denoted by p F (v).
Remark 2.2. (1) It's the same thing both to give a Frobenius mapping F on V and to give an F q -structure V 0 on V which means by definition that the natural homomorphism V 0 ⊗ Fq k → V is an isomorphism (also, cf. [9, 3.5] ). They are related via V 0 = V F := {v ∈ V | F (v) = v}. We shall always identify V with V 0 ⊗ k in the sequel.
(2) Regard V as a k-vector space variety. Then the coordinate algebra of this variety is the symmetric algebra on V * : S(V * ). It's easily seen that F is a morphism of variety.
Intertwining operator F (V,W )
.
Let V k,Fq be the category whose objects are vector spaces over k with fixed F q -structures and whose morphisms are linear maps f : V → W defined over F q , namely, f (V 0 ) ⊆ W 0 . Clearly, if F V and F W are the Frobenius maps on V and W defining V 0 and W 0 , respectively, then f is defined over F q if and only if
Thus, up to isomorphism in V k,Fq , the F q -structure on V is unique. Note that V k,Fq is an abelian category.
We shall represent the fixed F q -structure on a k-space V by a Frobenius map F V . Thus, the objects V in V k,Fq are, sometimes, written as (V, F V ), and
is not necessarily a Frobenius map on Hom k (V, W ). However, we have the following ( [8] ).
Lemma 2.4. Maintain the notation introduced above and let
In particular, if V is finite dimensional, then F is a Frobenius map on Hom k (V, W ).
Frobenius-Lie morphisms.
Let g be a finite-dimensional Lie algebra over k. A mapping F : g → g is called a Frobenius-Lie morphism on g if it is a Frobenius mapping on the k-space g, and if it preserves the Lie product:
for all x, y ∈ g. Clearly, a Frobenius-Lie morphism on g is also a Lie algebra F q -automorphism. Also, if g = A − is the Lie algebra obtained from an associative algebra A with the Lie product [x, y] = xy − yx for all x, y ∈ A, then any Frobenius morphism on A induces a Frobenius-Lie morphism on A − .
The set of all Frobenius-Lie morphisms on g is denoted by F q (g). For any σ ∈ Aut(g), it's easy to see by direct verification that σ * F := σ −1 F σ is still a Frobenius-Lie morphisms on g. Two Frobenius-Lie morphisms F 1 and F 2 on g are called being equivalent, denoted by 
2.7. F g -stable modules.
Let V be a finite dimensional g-module and let ρ = ρ V : g → gl(V ) be the corresponding representation. We say that V is F g -stable (or simply F -stable) if there is an F q -structure V 0 of V such that ρ induces a representation ρ 0 : g F → gl Fq (V 0 ) of g F . By the definition of an F q -structure, V is F -stable if and only if there is a Frobenius map F V : V → V such that
In terms of the corresponding representation ρ, the F -stability of V simply means that there is a Frobenius map
Here, again for notational simplicity, we write V F for V F V . What's more, we sometimes use g F and V F in the meantime, but obviously with different meanings of both F 's.
Up to isomorphism, it doesn't matter which Frobenius maps (or F q -structures) on V we shall work with when considering F -stable modules. This is because we have the following lemma which directly follows from Noether-Deuring Theorem (c.f. [7, p.139] ).
In the following, we sometimes use the notation (V, F V ) for an F -stable module V . Let mod F -g denote the category whose objects are F -stable modules V = (V, F V ). The morphisms from (V, Remark 2.10. In general, a g-module may not be F -stable. But each finite-dimensional module V must be F n(V ) -stable for a certain n(V ) ∈ N. Thus, for a given finite-dimensional module V there is a so-called F -orbit of V , arising from V under some twist action of g. The sum of twisted modules running through the orbit is F -stable. Furthermore, there is a one-to-one correspondence between the isoclasses of indecomposable (resp. irreducible) g F -modules and the F -orbits of the isoclasses of indecomposable (resp. irreducible) g-modules ([10]).
Finite restricted Lie algebras.
From this section on, we will focus our discussion on restricted Lie algebras. Always suppose the Lie algebra g is endowed with a p-mapping [p]. Suppose F is still a Frobenius-Lie morphism. Call F a restricted Frobenius morphism if it satisfies an additional condition
Lemma 2.12. Suppose F is a Frobenius-Lie morphism on a restricted Lie algebra (g, [p]). Then (a) F is a restricted morphism if and only if
g F is a restricted subalgebra of g over F q . (b) If F is a restricted morphism, then (q n -)Frobenius-Lie morphism F n is also restricted.
Projectiveness and extensions for restricted F -stable modules
We always suppose in this section that g is a restricted Lie algebra with a Frobenius-Lie morphism F g .
Projectiveness
Lemma 3.2. Let g be a finite dimensional restricted Lie algebra over k, with a restricted FrobeniusLie morphism F g , and g 0 = g Fg . Suppose (P, F ) is an F g -stable g-module (or simply: F -stable gmodule), and P 0 = P F . Then P is a projective g-module if and only if P 0 is a projective g 0 -module.
Proof. (1) It follows from the exactness of the field extension functor that the projectiveness of P 0 implies the projectiveness of P .
(2) Now assume that P is a projective g-module. In order to verify the projectiveness of P 0 , it's sufficient to prove that any short exact sequence of g 0 -modules
Then we have a short exact sequence of g-modules
The projectiveness of P implies that the short exact sequence (3.2.2) is split. Hence we have N ∼ = P ⊕ M , as g-modules. Owing to Noether-Deuring Theorem (cf. [7, p.139] 
Thus the exact sequence (3.2.1) is split. Hence P 0 is really projective. We are done. Proof. Consider restricted u(g)-module category mod-u(g) and u(g 0 )-module category mod-u(g 0 ). Suppose (S, F S ) is a simple F -stable u(g)-module. Set S 0 = S F S , which is a simple u(g 0 )-module (cf. Theorem 2.9). For the projective cover P (S 0 ) in mod-u(g 0 ), set P (S 0 ) k := P (S 0 ) ⊗ Fq k. Then P (S 0 ) k is a projective cover of S, thereby it is an indecomposable projective g-module (cf. Theorem 2.9). Recall that indecomposable projective u(g)-modules (resp. u(g 0 )-modules) are in one-to-one correspondence to irreducible u(g)-modules (resp. u(g 0 )-modules) (cf. [7] ). By Lemma 3.2, all indecomposable projective u(g)-modules are F -stable provided that all restricted simple modules of g are F -stable. Thus, all projective u(g)-modules are F -stable as long as all restricted simple modules of g are F -stable.
Proposition 3.3. Suppose g is a restricted Lie algebra with a restricted Frobenius-Lie morphism
As to the second statement concerning the classical Lie algebra g, we only need to prove that all simple restricted g-modules are F -stable. Recall from [10, 5.2] that any Frobenius-Lie morphism F g on g is of the form F g = γ · g −1 F 0 g for γ ∈ Γ a graph automorphism of the Dynkin diagram, and for g ∈ G which coincides with the Chevalley group G(h) constructed relative to h (cf. [23, IV.6]). Here F 0 is a split Frobenius-Lie morphism, related to h, i.e. the fixed-point space of F 0 is just the split F q -form of g. Hence F g is restricted, thereby g 0 := g Fg is a restricted Lie subalgebra of g. Note that there is an h ∈ G such that γ · F 0 = hF g h −1 ([10, Theorem 5.4]). We may assume F g = γ · F 0 in the following argument for simplicity, without a loss of universality. Recall that g = n − ⊕ h ⊕ n, where h is a given Cartan subalgebra, n (resp. n − ) is the sum of positive root spaces (resp. the sum for negative root spaces), associated with h. Set b := n ⊕ h, a Borel subalgebra of g. Hence n, h, n − and b are all F g -stable. Correspondingly, we have the triangular decomposition
Notice that irreducible restricted g-modules are parameterized by Λ := {λ ∈ h * | λ(h) p = λ(h) for h ∈ h 0 } as follows: each simple module L(λ) for λ ∈ Λ is the unique quotient of the baby Verma module Z(λ) by the unique maximal submodule M in Z(λ). Here Z(λ) = u(g) ⊗ u(b) k λ , for the one dimensional module k λ with h-action by multiplicity λ and trivial n-action. And M is the sum of all proper submodules which can be described by not containing the u(g)-
Hence all of them are F -stable.
Extensions.
Let us first recall of the following fact.
Lemma 3.5. Let g be a restricted Lie algebra over k, (V,
Proof. It can be verified by straightforward computation that F (V,W ) preserves g-module homomorphisms. Then it follows from Lemma 2.4.
In the following, we will see that the above isomorphism can be extended to the higher extensions between V and W . Set P(V 0 ) be a projective resolution of V 0 in mod-u(g 0 ) , where P(V 0 ) is as follows:
). Now arising from the field extension F q ֒→ k, there is a projective resolution of the u(g)-module V
⊗ Fq k with natural Frobenius mappings denoted by F n . The contravariant functor Γ = Hom u(g) (−, W ) gives rise to the cohomology of the complex Γ(P(V )): Ext * (V, W ). Recall that 
. Then F n is really a Frobenius mapping of Ext n (V, W ), whose fixed point space is just Ext n 0 (V 0 , W 0 ). Hence we have Proposition 3.6. Suppose g is a restricted Lie algebra with a Frobenius-Lie morphism
) the n-th extension between restricted g-modules V and W over u(g) (resp. the n-th extension for u(g 0 )-modules V 0 and W 0 ). Then
Next we will give a corollary which will be useful in the next section. Before this, we need the following obvious fact.
Lemma 3.7. Let (A, F A ) be a finite-dimensional associative algebra over k with a Frobenius morphism. (V, F M ) is a finite-dimensional F A -stable A-module (which has the same meaning as F gstable modules, cf. [8] ). 
4. F q -rational structure on support varieties 4.1. We recall some facts about support varieties as follows (cf. [11] , [12] and [13] ). For any restricted Lie algebra g one has the cohomology variety |g| of g which is the affine variety associated to H ev (u(g), k) (−1) . Here and further, the H ev (u(g), k) (−1) with superscript (−1) means the twisted ring. Let V be a finite-dimensional g-module, the support variety |g| V is the support in |g| of the [12] , [13] ). Denote by Φ : |g| → g the morphism of varieties associated with the natural map
, where S • (g * ) is the symmetric algebra on the dual of g. We may identify Φ(|g| V ) with the support of the graded [18] and [12] ). We will often omit the superscript "(-1)" in the following argument.
Lemma 4.2. Suppose g is a restricted
Lie algebra over k, defined over F q with respect to FrobeniusLie morphism F g on g. Then Φ(|g|) is defined over F q such that the associated F q -rational structure is given by the restriction of F g in Φ(|g|).
Proof. Recall that Φ(|g|) = N 1 (g). Regard Φ(|g|) as a closed variety of k-vector space variety g. According to the argument in the proof of Proposition 3.3, F g is restricted. Hence F g (Φ(|g|)) ⊂ Φ(|g|). By Remark 2.2 and Proposition 1.5, F g is a morphism of variety, and Φ(|g|) is defined over F q with the restriction of F g , as the corresponding Frobenius map.
Suppose V 0 is a restricted g 0 -module. Recall of the construction of a minimal projective resolution
, the projective cover of V 0 , and define the syzygy module Ω(V 0 ) as the kernel of the given map P (V 0 ) → V 0 . Inductively, set P
. Such a ζ can be represented by a map ζ : Ω 2n (F q ) → F q whose kernel is the u(g 0 )-module L ζ . In the meantime, we have for V = V 0 ⊗ Fq k, P (n) = P (Ω n (V )) and Ω n (V ) = Ω(Ω n−1 (V )). By Proposition 3.3 and the exactness of the field extension functor from the u(g 0 )-module category to the u(g)-module category,
Proof. We only need to prove that ker(ζ ⊗ 1) = ker(ζ) ⊗ Fq k. Actually, any short exact sequence of u(g 0 )-modules S 1 ֒→ S 2 ։ S 3 gives rise to the short exact sequence of u(g)-modules: then there is an F q -rational structure on Φ(|g| V ). Conversely, if X is a closed conical subvariety of Φ(|g|) which admits an F q -rational structure arising from F g , then there exists a restricted F g -stable g-module V such that X = Φ(|g| V ).
Proof. (1) Suppose (V, F V ) is an F -stable restricted g-module, V 0 = V F V . We will prove that Φ(|g| V ) is really defined over F q . Recall Φ(|g| V ) is a closed subvariety of Φ(|g|) which is defined over
2). By Proposition 1.5, it's sufficient to prove that the defining ideal of Φ(|g| V ) is of the form I 0 ⊗ Fq k where I 0 is an ideal of H ev (u(g 0 ), F q ). This follows from Lemma 3.8.
(2) Suppose X is a closed conical subvariety of Φ(|g|) defined over F q . We will construct a restricted F -stable g-module V such that X = Φ(|g| V ). Recall that in [12] , any closed conical subvariety of Φ(|g|) can be realized as a support variety of a restricted g-modules, which follows from the Carlson's construction in [4] . What we need to do in our case is to prove that such a construction of modules can be defined over F q (cf. [1, Theorem, 2.26.9]).
As X is closed and conical, X is defined by a homogenous ideal I in H ev (u(g), k). Since H ev (u(g), k) is Noetherian (cf. [11] ), I is finitely generated by some homogeneous elements I = ζ 1 , · · · , ζ r . Furthermore, by Proposition 3.6 H ev (u(g), k) has an F q -form
By assumption X is defined over F q which means that I is an ideal generated by elements of H ev 0 (u(g 0 , F q ) (Proposition 1.5). Thus those ζ i can be chosen in
. And this V is F g -stable. We are done.
Let G be an affine algebraic group over k, defined over F q , and g = Lie(G). We call a rational G-module stable if it's F g -stable as a g-module. By [12, Theorem 1.2], we have a corollary to the above theorem.
Corollary 4.5. Suppose V is a finite-dimensional rational stable G-module V , then Φ(|g| V ) is a closed conical G-invariant variety defined over F q .
The inverse statement of the above is a version of an old Friedlander-Parshall's conjecture ( [12] ): any closed conical G-invariant subvariety of Φ(|g|) is the support variety of a finite-dimensional rational stable G-module V .
F -stable Nilpotent Orbits
In the whole section, we assume that g is a simple classical Lie algebra over k an algebraically closed filed of characteristic p > 3, which will be additionally assumed to be good for the root system of g in the subsection 5.3 (cf. [5, p.14]).
Frobenius-Lie morphisms and the graph automorphisms of Dynkin diagrams.
Recall that a classical simple Lie algebra is classified by Dynkin diagrams labelled by A n (n 1), B n (n 2), C n (n 3), D n (n 4), E n (n = 6, 7, 8), F 4 , G 2 (see [23, II.10.1]). We may view such a g as reduction modulo p via a Chevalley basis of the corresponding complex simple Lie algebra g C except for A n with p|n. In the exceptional cases (i.e. A n with p|n), g is a quotient of the reduction modulo p via Chevalley basis by the one-dimensional center which is in Cartan subalgebras. There are naturally resulting basis in g arising from the Chevalley basis of g C , still called Chevalley basis (to see below for more arguments). Let G be the adjoint group of g. By Chevalley-Dickson's result, G is simple (cf. We have a realization of G in Aut(g) as follows. Denote by G C ⊂ GL(n, C) the simply connected simple algebraic group over C with Lie(G C ) = g C , associated with root system Φ and simple root system. Let g C = Lie(G C ) and let B = {X α | α ∈ Φ} {H i | i = 1, · · · , r = rank(g C )}. Here the Cartan subalgebra h C = i CH i . We may suppose that H consists of diagonal matrices. Set
LetḠ be the simply connected simple algebraic group over k, associated with the irreducible root system Φ. Then Lie(Ḡ) = g k (cf. [2, 3.3] ). Note that the center of g k is contained in h k which is nontrivial only in the exceptional case, we have a Cartan subalgebra h of g arising from h C , which is equal to h k for non-exceptional cases, and isomorphic to h k /Z(g k ) for the exceptional case. Here Z(g k ) means the center of g k . Thus, we have a Cartan-decomposition relative to h: g = h + α∈Φ(h) g α . Let Π = {α 1 , · · · , α r } be a set of simple roots in the root system Φ := Φ(h). Then we have a Chevalley basis in the sense of the above meaning: {h i , e α | 1 i r ′ , α ∈ Φ} where r ′ = r − 1 if g is of the exceptional case, r ′ = r if otherwise. Here e α may be naturally regarded as X α ⊗ 1 whether or not it's the exceptional case since the possible non-trivial center is in h k . Additionally, each e α defines a (nilpotent) linear transformation ade α on g by sending y ∈ g to [e α y]. Thus, for any a ∈ k, set x α (a) := exp(adae α ), which is easily seen to be a linear automorphism on g. Denote by G(h) the group generated by all x α (a) which is called the Chevalley group of g (constructed relative to h). Then G(h) coincides with of G, which is independent of the choice of h as k is algebraically closed ( Let F 0 be a standard (or in other words, splitting) Frobenius-Lie morphism on g which fixes the Chevalley basis of g. Then g 0 = g F 0 is a split classical Lie algebra over F q (of the same type as g) with respect to the Cartan subalgebra h. (Thus, g 0 has a Cartan decomposition of the form
. By Lang-Steinberg Theorem, it's proved in [10] that any Frobenius morphism F on g is a split Frobenius morphism followed by a graph automorphism:
Moreover, such a decomposition is unique, and there is a one-to-one correspondence between the equivalence classes of Frobenius morphisms on g and the conjugacy classes in Γ of graph automorphisms on g.
Remark 5.1. Precisely speaking, the number of (non-equivalent) Frobenius-Lie morphisms of a classical simple Lie algebra g over k with p > 3 is as follows: one for types A 1 , B, C, G 2 , F 4 , E 7 , E 8 : two for types A n (n > 1), D n (n 5), E 6 , and three for type D 4 . Especially, the representatives of equivalent Frobenius-Lie morphisms arises from σ 0 = Id, σ 1 = (34) and σ 2 = (13) where (ij) means the graph automorphism exchanging the i-th and j-th nodes in the standard Dynkin diagrme of type D 4 , fixing the other nodes.
G-equivariant bijection on nilpotent orbits.
We always fix a Frobenius-Lie morphism F on g in the sequel, which has form F = γ · F ′ 0 . In the following we will discuss the relations between both of g and g k in the nilpotent orbits and the Frobenius morphisms. First, we recall that G is naturally isomorphic toḠ/Z(Ḡ) where Z(Ḡ) is the center ofḠ which is in maximal tori ofḠ. Note that Z(G) = ker(Ad) (cf. [3, 3.15] ), and that g = g k /Z(g k ) with Z(g k ) ⊂ h k . The following lemma is clear, which implies that we can replace G byḠ without affecting the structure of nilpotent orbit. N (g k ) .
Lemma 5.2. There is a G-equivariant bijection between N (g) and
Furthermore, such a bijection gives rise to a bijection between the nilpotent orbits of g under G and the nilpotent orbits of g underḠ. Denote such a bijection by Ξ. Now we look into the change of Frobenius morphisms from g to g k . In non-exceptional cases, there is no more words to say about this since g = g k . Assume that g is of type A n with p | n + 1, then g = g k /Z(g k ). Let F be an arbitrary given Frobenius-Lie morphism on g. By the argument in §5.1, we may suppose that
The Frobenius-Lie morphism F gives rise to a unique one on g k which is of form σ •(ḡF 0ḡ −1 ), whereḡ means a representative inḠ of g in connection with the quotientḠ/Z(G), andF 0 means the standard Frobenius-Lie morphism on g k with respect to the Chevalley basis B k of g k . We denote byF such a Frobenius-Lie morphism of g k , arising from F . Obviously, the form ofF is independent of the choice ofḡ ∈Ḡ because Z(G) = ker(Ad). We have the following Lemma 5.3. The correspondence F →F is a bijection from the set of Frobenius-Lie morphisms on g to the set of the Frobenius-Lie morphisms on g k of the form σ · (hF 0 h −1 ), σ ∈ Γ and h ∈Ḡ.
Combining the above lemmas, we have the following proposition which shows that the F -stability of nilpotent orbits of g under G is equivalent to theF -stability of nilpotent orbits of g k underḠ.
Proposition 5.4. Let O be a nilpotent orbit in g, and F a Frobenius-Lie morphism on g. Then O is F -stable if and only if Ξ(O) isF -stable.
5.3.
Weighted Dynkin diagrams and F -stability of nilpotent orbits. From this subsection on, the characteristic p of field k is assumed to be a good prime greater than 3 for g, which means that p is bigger than any coefficient of any root in Φ + expressed as a linear combination of simple roots. we will determine all F -stable nilpotent orbits in g. According to the previous arguments, we may replace g by g k .
Suppose G is a simply connected simple algebraic group. Then g k = Lie(G), where g k is defined as in the previous subsection. Let O X be an arbitrary given nilpotent orbit in g k . By Lemma 5.4, we only need to investigate theF -stability of O X in g k under G, where the form ofF is as defined as in Lemma 5.4.
We may attach its weighted Dynkin diagram, obtained by choosing a standard triple {Y, H, X} (Jacobson-Morozov theorem, referred to [22] , or [5] under stronger condition on p), a Cartan subalgebra h containing H, and a set of simple roots Π making H dominant with α i , H ∈ {0, 1, 2} (refereed to [21] or [20, §3.4 ] and [5, §5.6] under stronger condition on p; [6] in characteristic 0), and then labelling every vertex corresponding to a simple root α with the integer α, H . This diagram depends only on the orbit O X . Observe that all Cartan subalgebras in g k are conjugate under adjoint action of G, and for the fixed T and then h k ,the corresponding root system Φ(h k ), the sets of simple roots are transitively acted by the Weyl group W = N G (T )/T . Hence, without loss of generality, we may as well suppose that the weighted Dynkin diagram ∆(O X ) are attached with an integer α i , H to the ith-node. The following Dynkin-Kostant theorem was proved in [21, 2.4 ] for a good characteristic p, in [5] and [20] for a stronger characteristic p, in [6] for characteristic 0. Proof. (a) Suppose {X, H, Y } are a standard triple in sense of Jacobson-Morozov theorem (cf. [22] and [5] ). As discussed in the previous paragraph, we might as well suppose that the weighted Dynkin diagram ∆(O X ) admits the number α i , H to the i-th node for all i. Hence we may write
. By Statement (a), O X is aF ′ 0 -stable. Next, we will suppose thatF is a twist Frobenius-Lie morphism, i.e.F = γ ·F ′ 0 for a non-trivial graph automorphism. Surely, this happens only in the case of types A n , D n and E 6 . Recall that for g k of type A n and D n , each nilpotent orbit uniquely corresponds to a partition of n and 2n respectively. Precisely speaking, nilpotent orbits in sl n are in one-to-one correspondence with the set P(n) of partitions of n. Nilpotent orbits in so 2n are parameterized by partitions of 2n in which even parts occur with even multiplicity, except that "very even" partitions d : We have the following result. Proof. By Lemma 5.6, we only need to work with a twist Frobenius-Lie morphismF . By Lemma 5.6 again, theF -stability of O X is equivalent to its γ-stability. As having discussed above, we might as well suppose that the weighted Dynkin diagram arises from a standard triple {X, H, Y } and the fixed Cartan subalgebra h k along with a set of simple root Π(h k ) in the root system Φ(h k ) such that α i , H ∈ {0, 1, 2}. Note that g k has a Chevalley basis, a perfect analogue of a Chevalley basis of g C . Naturally, the graph automorphism γ of the Dynkin diagram satisfies:
If d is very even, then the weighted diagrams of O
Observe that the Lie automorphism γ implies that {γ(X), γ(H), γ(Y )} is also a standard triple. In the meantime, γ(Π) is a set of simple roots of Φ(h k ). Hence α γ(i) , γ(H) gives rise the weighted Dynkin diagram of the nilpotent orbit of γ(X). 
, where σ ∈ Γ, g ∈ G and F 0 is a standard Frobenius morphism associated with a Chevalley basis (in the sense of §5.1).
(2) For a nilpotent orbit O X in g under the action of G, all statements in Theorem 5.8 hold.
6. F q -rational structure on nilpotent orbits
Let G be a connected semi-simple algebraic group over an algebraically closed field F of characteristic p > 3, which is defined over F q with corresponding Frobenius map F . Let F g be the corresponding Frobenius-Lie morphism of g = Lie(G). We have
Proof. Let T be a fixed maximal torus of G, and ∆ be the rt system of G associated with T . We have the corresponding complex semisimple Lie algebra g C with triangular decomposition g C = n
. By [25] , there is a faithful finite-dimensional representation (π, V ) of g C with the weight lattice equal to the character group X(T ), and an admissible Z-lattice M of g C -module V . Then G can be realized as the Chevalley group G V which is a closed subgroup of GL(V k ) for V k = M ⊗ k. Recall that G V is generated by elements:
n! . So we only need to prove that F g (g · X) = F (g) · F g (X) for g = x π α (t) and X = X β or H i for all α, β ∈ ∆, i = 1, · · · , l and t ∈ k. Notice that F is decided by an element of Aut(Γ) ( [5, 1.19] ), say σ, where Γ is the Dynkin diagram of ∆. So we have F (x π α (t) = x π σ(α) (t q ). In the same time, F g = σ · F 0 , where F 0 is the splitting Frobenius-Lie morphism associated with h = Lie(T ). We identify g with Lie(G V ), which is a linear Lie subalgebra of gl(V k ). By [2] , g = g π ⊗ Z k, where g π = ZX α + h π , and h π = {h ∈ h C | α(h) ∈ Z, ∀α ∈ X(T )}. So we can suppose the splitting Frobenius mapping F 0 is associated with a Chevalley basis B π = {X α , H ′ i | α ∈ ∆, i = 1, · · · , l}.
Observe that the lengths of root chains in ∆ are 4 at most, which is less than p. And furthermore, ad(X α ) n (X β ) = C α,β,n X nα+β if nα + β ∈ ∆, and 0 if nα + β is not a root, with C α,β,n ∈ Z satisfying that ad(X σ(α) ) n (X σ(β) ) = C α,β,n X nσ(α)+σ(β) if nα + β ∈ ∆, and 0 if nα + β is not a root. On the other hand, Proof. By the structure of G (cf. §5.1), we may define a Frobenius map F G on G such that the Frobenius-Lie morphism on g arising from F G is just F . Observe that all Cartan subalgebra are conjugate under G ([23, IV.1.2]). We might as well assume that h is such a Cartan subalgebra that F = σ • F 0 for a splitting Frobenius-Lie morphism F 0 , associated with h. As stated in §5.1, there are generators in G: x α (a) = exp(adae α ) for a ∈ k. We may define F G via F G (x α (a) = x σ(α) (a q ). Then for every orbit in g under the action of G, the Frobenius maps are admissible with the action of G. This is to say, F (g.X) = F G (g).F (X) because F is a Frobenius-Lie morphism.
In the following theorem, we continue to assume:
(1) g is a classical simple Lie algebra, and G is an adjoint group of g. F is an arbitrary given Frobenius-Lie morphism on g. (2)Ḡ is a simply connected algebraic group and g k = Lie(G).F is as defined as in Lemma 5.8. Summing up the above results, we can state the following theorem. 
